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This pa per con sid ers the trans mis sion of the ini tial par al lel pro ton beam with ki netic en ergy
of 10 keV through the elec tro static octopole lens. The spa tial rain bows and cor re spond ing
pro ton dis tri bu tions are cal cu lated by us ing the in fi nite length ap prox i ma tion po ten tial. Pos i -
tive po ten tials of the lens elec trodes are set to be 0.35 kV and 9 kV. It has been shown that by
ap pli ca tion of ca tas tro phe the ory, the gen er at ing func tion for map ping pro ton po si tions be -
tween en trance and exit trans verse plains can be de ter mined, giv ing ac cu rate rain bow pat -
terns for bi as ing po ten tials of 0.35 kV.
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IN TRO DUC TION
A per fect 2-D octopole elec tric field may be gen er -
ated by an elec trode struc ture con sist ing of eight in fi -
nitely long par al lel rods of the hy per bolic cross-sec tion,
with rod cen ters equally spaced around a cir cle. The elec -
trodes are set to be on al ter nat ing elec tro static po ten tials
±V0 [1-3]. Octopole ef fect on charged beam par ti cles pri -
mar ily in tro duces a third-or der path de vi a tion re sult ing
in a four fold third-or der de for ma tion of a rotationally
sym met ric beam [4]. This de vi a tion, ac cord ing to ab er ra -
tion clas si fi ca tion no men cla ture, cor re sponds to
four-fold astig ma tism. The sec ond ary path de vi a tions are 
of the fifth- or der. Octopoles are used in re duc tion of
third-or der spher i cal ab er ra tions, mainly in elec tron mi -
cros copy. Com bined pos i tive spher i cal ab er ra tions of
quadrupoles and four-fold astig ma tism of octopoles,
form ing a neg a tive spher i cal ab er ra tion, can be used for
cor rec tion of a pos i tive spher i cal  ab er ra tion of the ob jec -
tive lens in elec tron mi cros copy [5-7].
In the pre vi ous study [8] we have shown that
spa tial rain bow lines, de ter mined nu mer i cally by cal -
cu la tion of pro ton tra jec to ries prop a gat ing  through
and af ter the hexapole lens, can be suc cess fully used
for fit ting cor re spond ing gen er at ing func tion for this
lens. Since the gen er at ing func tion is re lated to geo -
met ric ab er ra tions, it also de ter mines op ti cal prop er -
ties of the ob served hexapole lens.
In this work, we per formed a sim i lar study for an
octopole elec tro static lens, which is very of ten used as
a com ple men tary lens with the hexapole one. The
trans mis sion of a par al lel 10 kV pro ton beam through
the lens and the cor re spond ing rain bow lines were
con sid ered. Two val ues of the bi as ing po ten tial of the
lens elec trodes were cho sen: V0 = 0.35 and 9 kV. Ap -
ply ing the same tech nique as de scribed in [8], a gen er -
at ing func tion that char ac ter izes the map ping pro cess,
for V0 = 0.35 kV, was fit ted. In ad di tion to this, ex pres -
sion for the beam trans mis sion co ef fi cient kt as a func -
tion of the po ten tial  V0 was de rived.
THE ORY
For an in fi nitely ex tended octopole lens, as
shown in fig. 1, the elec tro static po ten tial in vac uum
for hy per bolic-shape elec trodes, can be writ ten as [1,
2]
j( , ) ( )x y V
r
x x y y= − +0
0
4
4 2 2 46 (1)
where V0 de notes the ap plied pos i tive elec trode po ten -
tial and r0 the ra dius of a cir cle in scribed within eight
elec trodes. It is readily ver i fied that this func tion sat is -
fies Laplace's equa tion ∆j(x, y) = 0. From the sym met -
ric and anti-sym met ric prop er ties of the po ten tial, the
fol low ing re la tions hold: j(–x, y) = j(x, y) or j(x, –y) = 
= j(x, y) and (un der 45° ro ta tion around the lens axis)  
− + − = −j j(( ) / , ( ) / ) ( , )x y x y x y2 2 . More over,
provided that the ra dius d of each rod is re lated to the
ra dius r0 of the in scribed cir cle (see fig. 1) ac cord ing to
r N d0 2
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where N  > 4 is the num ber of poles of a multipole, then
the po ten tial gen er ated by rods of the hy per bolic
cross-sec tion is very well ap prox i mated by rods of the
cir cu lar cross-sec tion [2]. For an octopole (N = 8 in eq.
(2)), we should there fore choose r0 = 3d. The cor re -
spond ing elec tric field com po nents are
E x y V
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The mo tion of a pro ton in the pres ence of this
elec tric field is fully de scribed  by
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Fig ure 1. (a) The me dium trans verse po si tion plain of the octopole lens, (b) lon gi tu di nal cross-sec tion of the lens:
the blue and red col ors (dark and gray) of elec trodes cor re spond to the pos i tive and neg a tive ap plied po ten tial
where mp, qp, and vz are the mass, charge, and lon gi tu -
di nal ve loc ity of the pro ton, re spec tively, and r is the
trans verse pro ton po si tion. The vari ables in eq. (4)
can not be sep a rated i. e., it can not be solved an a lyt i -
cally. There fore the pro ton tra jec to ries were cal cu lated 
by us ing the fourth-or der Runge-Kutta [9] nu mer i cal
in te gra tion of eq. (4). 
Let us now con sider the map ping of two neigh -
bor ing tra jec to ries in the same trans verse plain at the
lon gi tu di nal po si tion z
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where the start ing po si tions (x0, y0), and (x0 + ,dx0y0 +
+.dy0) are in the im pact pa ram e ter (IP) plain, while
(x(x0, y0, z), y(x0, y0,z)) and (x(x0 + dx0, y0 + dy0,z), y(x0 + 
+.dx0, y0 + dy0,z)) are the pro ton spa tial com po nents af -
ter its mo tion through the lens and/or af ter it, at the
transversal po si tion (TP) plain. In fig. 1(b) the IP plain
it is set to be at the en trance of the octopole lens, while
the TP plain co in cides with the exit plain of the lens. It
should be noted that it has no fixed po si tion along the
axis of the lens. The map ping pro cess be tween the IP
plain and the TP plain, given by eq. (5) is de fined by
the Jacobian of the trans verse com po nents of the pro -
ton po si tion vec tor, which reads
J x y z x y x yx y x yr ( , , )0 0 0 0 0 0= −¶ ¶ ¶ ¶ (6)
The Jacobian can be con sid ered as a trans fer
func tion de fin ing the map ping of a small area dx0 dy0
in the IP plain into a cor re spond ingly small area dxdy
of the TP plain. i. e. dxdy = Jr (z)dx0 dy0. There fore, re -
cip ro cal of Jacobian de ter mi nant is pro por tional to in -
ten sity of pro ton beam at the po si tion of TP plain.
The con di tion Jr = 0 should give the shape of the
rain bow line (RL) in the IP plain along which this map -
ping is sin gu lar. In gen eral, the map ping de fined by eq. 
(5) is not an injective (one-to-one cor re spon dence)
func tion i. e. two or more neigh bor ing rays could in ter -
sect each other at the TP plain, which of ten leads to
so-called cat a strophic phe nom ena. In the con text of
ion beam op tics, the term cat a strophic sym bol izes the
sin gu lar ity of pro tons in ten sity along RL, which rep re -
sents the bor der be tween the so-called bright and dark
sides of the rain bow [8, 10-13].
RESULTS AND DISCUSSION
In our cal cu la tions the ra dii of each six elec trodes
are set up to be d = 2.1 cm. Due to the re stric tions im -
posed by eq. (2), the ra dius of the cir cle in scribed within 
the elec trodes is equal to r0 = 3d = 6.3 cm. The po lar ity
of the elec trodes is shown in fig. 1(a).  The length of the
elec trodes is L = 40 cm. The or i gin of the used co or di -
nate sys tem is taken to be in the mid dle of the octopole
lens,  and  the z axis  co in cides  with  the lens axis (see
fig. 1(b)). The po si tions of the en trance and exit
transversal plains shown in fig. 1(b) cor re spond to the
lon gi tu di nal co-or di nate z = –20 cm and z = 20 cm, re -
spec tively. The pro ton en ergy is taken to be E = 10 keV
whereas the ini tial num ber of pro tons taken into the
sim u la tion is 600 000. The ini tial pro ton beam is par al -
lel to the lens axis, homogenously dis trib uted within the 
di am e ter of a cir cle equal to 4 cm, lay ing onto the IP
plain. A cir cu lar ap er ture, 6 cm in di am e ter, is set up at
exit plain. The hor i zon tal and ver ti cal co or di nates, x and 
y, re spec tively, are cho sen so that the pro ton beam is di -
rected to wards the di rec tion of the z axis, which co in -
cides with the lens axis.
The dis tri bu tion of the elec tro static po ten tial
over an ar bi trary TP, far enough from the lens edges,
for bi as ing po ten tial of V0 = ±1 V is pre sented in fig. 2.
Each of the eight pole pieces has the same shape and so 
the struc ture is un changed un der a 45° ro ta tion. The in -
ner equipotential lines, which are close to the elec -
trodes, have al most a cir cu lar shape, be com ing more
and more hy per bolic with greater dis tance from the
elec trodes. Since elec trode struc ture of a real lens is
not in fi nitely long, the elec tro static field/po ten tial dis -
tri bu tion de pends not solely on the trans verse (x and
y), but also on lon gi tu di nal (z) co-or di nate. This fact is
par tic u larly pro nounced at the ex trem i ties of the elec -
trode struc ture (en trance and exit trans verse plain)
where the well-known ef fect of the fringe field ap -
pears. How ever, the in fi nite length po ten tial ap prox i -
ma tion, given by eq. (1), is ac cept able for the real lens
if the length L is much lon ger than its di am e ter r0.  In
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Fig ure 2. Elec tro static po ten tial dis tri bu tion over the
cho sen octopole ge om e try, for elec trode bi as ing volt age
of V0 = 1V
our case L is more than six times lon ger than r0, which
jus ti fies our use of this ap prox i ma tion.
The bi as ing volt age on the elec trodes at which
RL form closed lines in both IP and TP plains, is called
char ac ter is tic volt age. Fig ure 3 pres ents two such
cases,  for  two  char ac ter is tic  volt ages of 0.35 kV and
9 kV. In case of lower po ten tial, the cor re spond ing RL
in TP and IP plains are shown in fig. 3(c) and 3(d), re -
spec tively. The blue cir cu lar lines rep re sent the en -
trance/exit lens ap er ture (al ter na tive, the gray des ig na -
tion color is used in the printed ver sion). It should be
em pha sized that RL in the IP plain is not an ob serv able
phe nom e non. It only de ter mines the ini tial pro tons po -
si tions that are mapped into the cor re spond ing RL in
the de fined TP plain, the lat ter be ing ob serv able ex per -
i men tally. In this case the vir tual rain bow line in the IP
plain (the black round line) is be ing mapped into the
black cusp square in the TP plain. 
The red and green color points (al ter na tive dark
and gray des ig na tion col ors are used in the printed ver -
sion of the jour nal) des ig nate the fo cused and
defocused trans mit ted pro tons, re spec tively. The pro -
tons are fo cus ing if dur ing their move ment they are ap -
proach ing the axis of the lens. Oth er wise they are
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Fig ure 3. Rain bow lines in the im pact pa ram e ter plain for (a) V0 = 9 kV , (c)  V0 = 0.35 kV, and cor re spond ing mapped
im ages in the exit trans verse plain, to gether with spa tial dis tri bu tion of trans mit ted pro tons for (b) V0 = 9 kV and
(d) V0 = 0.35 kV. The red and green (dark and gray) points des ig nate the fo cused and defocused pro tons, re spec tively. The
blue (grey) cir cle rep re sents the exit lens ap er ture
defocusing [8, 10-13]. If dur ing the prop a ga tion a pro -
ton hits some of the elec trodes or ap er tures, it is con -
sid ered lost for fur ther trans mis sion. The ini tial cir cu -
lar beam at the IP plain is de formed by a square cusp at
the exit of the lens, so that the pro ton yield changes
rap idly across the RL. The com mon term of the dark
and bright side of the rain bow, here ac tu ally cor re -
sponds to ar eas of low pro ton yield that are out side,
and the high pro ton yield that are in side the RL. Hav -
ing this in mind, one can con clude that the rain bow
lines play the role of skel e tons or struc ture of the beam
shape. This is an ob vi ous man i fes ta tion of the cat a -
strophic char ac ter of the pro ton beam dy nam ics in the
lens [8, 10-13]. While the fo cused pro tons are con -
fined within RL, the defocused ones mi grate from the
bright side of the rain bow to its dark side, mainly
through the cusps of the RL.
  For the char ac ter is tic po ten tial of V0 = 9 kV, the
pro cess of map ping is more com plex. In ad di tion to the 
square cusp shape, a sec ond ary com plex 12 cusped RL 
in the TP plain ap pears, as shown in fig. 3 (a). These
two RL are im ages of the cor re spond ing lines in the IP
plain de picted in fig. 3(b): the in ner cir cu lar-like line is 
mapped into the square cusped RL, while the map ping
of the outer cross-like line gives the sec ond ary com -
plex 12 cusped RL. In this case the RL in the TP plain
also pres ent skel e tons of the trans mit ted ion beam dis -
tri bu tion. One can con clude, as be ing ev i dent from fig. 
3(a), that both RL serve as a con fine ment bor ders for
the pro ton beam. Judg ing by the den sity of the pro ton
dis tri bu tion, the con fin ing abil ity of the in ner (or pri -
mary) RL  is much stron ger in com par i son to the outer
(or sec ond ary) one. In ad di tion to this, the in ner RL
con fines mostly the fo cused pro tons, while the outer
RL de fines the part of the beam con sist ing mostly of
defocused pro tons. 
The par ti cle beams with an un der ly ing RL (in -
stead of RL, most of ten in lit er a ture the term caus tic is
used) struc ture are sta ble un der per tur ba tion, if the RL
be longs to the ca tas tro phe-the ory clas si fi ca tion (fold,
cusp, swal low tail, hy per bolic and el lip tic umbilic,
etc.) [14]. Each RL sin gu lar ity, and its cor re spond ing
ca tas tro phe, is de scribed by a ca non i cal form gen er -
ated from an el e men tary poly no mial [15].
Gen er at ing func tion of an octopole is
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The first and sec ond term cor re spond to the par -
ti cle co-or di nates with out path de vi a tion, i. e., move -
ment in field-free space [16], the third and fourth terms 
cor re spond to four fold umbilic and ro ta tional cusp ca -
tas tro phes [4, 15-17]. It should be noted that the third
term of the gen er at ing func tion is re lated to the astig -
ma tism of the third-or der whereas the fourth term is re -
lated to the spher i cal ab er ra tion of the fifth-or der [18].
The last two terms in tro duce a third- and fifth-or der
path de vi a tion on charged par ti cle tra jec to ries.
The gen er at ing func tion de fines the fol low ing
poly no mial non lin ear map ping, x0y0 → x,y, via the re -
la tions
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Ac cord ing to ca tas tro phe the ory, the con di tions
(7) and (8) de fine the equi lib rium set of the fam ily of
func tions,  F  [18].  It  can  be  shown  that the Jacobian
of  the  2-D  map ping  de fined as J x y x y zmr ( , ; , , )0 0 = 
= ¶ ¶ ¶ ¶2x y x yF F F0 0 0 0
2 2
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which rep re sents, on the other hand, the Hessian of the
gen er at ing func tion, H (F) [17]. Ac cord ing to ca tas tro -
phe the ory, equa tion, H (F) = 0, which is equiv a lent to
the con di tion de fin ing the spa tial rain bow lines in the
IP plain, cor re sponds to the cat a strophic set of the fam -
ily of func tions F. The bi fur ca tion set of the fam ily F is
de fined as the map ping of the cat a strophic set via the
eqs. (8) and (9) [17], and, there fore, cor re sponds to the
rain bow lines in the TP plain. Thus, we have shown a
di rect con nec tion be tween the rain bow lines in the IP
and TP plains and the cat a strophic and bi fur ca tion sets
of the gen er at ing func tion (7), re spec tively.
As men tioned ear lier, the equa tion Jr = 0 de fines
the rain bow lines. De pend ing on the way of de ter min -
ing the Jacobian of the map ping, in this study we con -
sider two cases. The first one is when the map ping is
de ter mined by the nu mer i cally cal cu lated elec tro static
po ten tial of the octopole lens. The solv ing of the map -
ping equa tion is done by nu mer i cal meth ods i. e. by
nu mer i cal in te gra tion of the pro ton's equa tions of mo -
tion. The re sult ing RL in this case are called nu mer i cal
RL. In the sec ond case, we use the an a lyt i cal po ten tial
given by eq. (1), and con se quently, the map ping equa -
tion J r
m
= 0 is the poly no mial given in on the
right-hand side of equa tion (10). The RL ob tained in
this way are called model RL. Since the nu mer i cal so -
lu tion of this prob lem is com pli cated and time con -
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sum ing, it will be shown that the model RL are a good
ap prox i ma tion of the nu mer i cal ones.
The un known pa ram e ters a (z) and b (z) ap pear -
ing in eqs. (7)-(10), are de ter mined in the fit ting pro ce -
dure, at points lay ing on the z axis of the lens. This ap -
proach pro vides the best match be tween the
cor re spond ing nu mer i cal and model rain bow lines, in
both IP and TP plains [8]. Fig ure 4 shows the nu mer i -
cally cal cu lated RL (red line) and the cor re spond ing
best fit ting model RL (black line), both in the IP and TP 
plains, re spec tively, for bi as ing the po ten tial of V0 =
0.35 kV. Two  cases, for z equal to 20 cm and 90 cm are
shown. In the first case, the TP plain is within the lens,
while in the sec ond one, it is in the drift space, 50 cm
be hind the exit edge of the lens. The fit ting pro ce dure
for de ter min ing a (z) and b (z) is achieved by min i miz -
ing the sum of squared dis tances be tween the cor re -
spond ing points 1(x01, y01) and 1m(x01m, y01m), 2(x02,
y02 ) and 2m(x02m, y02m ) in the IP plain, and 1´ (x1, y1)
and 1´m (x1m, y1m), and, 2´(x2, y2) and 2´m(x2m, y2m), and 
the TP plain, that are pre sented in fig. 4. The men -
tioned fit ting cri te rion is given by
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Fig ure 4. The an a lyt i cal (black color) and nu mer i cal (red/gray) color rain bow lines in IP plain shown in  (a) and (c),  and
the cor re spond ing rain bow lines in the exit plain, for  z = 20 cm (b), and in drift space for  z = 90 cm  (d). The elec trode bi as -
ing po ten tial is V0 = 0.35 kV
where, the ad di tional in dex m de notes the points on the 
model RL to dis tin guish them from nu mer i cally cal cu -
lated RL points. The in ter sec tion points for both RL
with the x axis we de note with 1, while 2 de notes the
points on top of the cusp. The cho sen points give ex -
cel lent matches. For ex am ple, the min i mal squares of
de vi a tions ob tained for z = 20 cm and z = 90 cm (cases
shown in in fig. (4)  give the av er aged dif fer ence be -
tween RL in both plains of 1 % and 10–1%, re spec -
tively. The same pro ce dure is ap plied for the val ues of
vari able z = 50, 60, 70, 80, 90, 100, 120, 140, 160, 180,
and 200 cm i. e., within the drift space be hind the lens. 
The cor re spond ing ob tained val ues of pa ram e ters a
and b are pre sented in figs. 5(a) and 5(b), re spec tively.
The anal y sis shows that dependences of pa ram e ters a
and b on vari able z can be ex cel lently fit ted with the
fol low ing an a lyt i cal func tions, a (z) = a1 – a2 exp
(–z/az) and  b(z) = b1 – b2 exp(–z/bz), re spec tively. Cal -
cu lated pa ram e ters of the fit ting func tions are: a1 =
=.0.26 cm–1, a2 = 0.54 cm–1, and az = 29.10 cm, and b1 = 
=.0.09 cm–2, b2 = 0.25 cm–2, and bz = 37.18 cm.
Fig ure 6 gives the trans mis sion co ef fi cient of the 
lens, kt, as a func tion of the bi as ing po ten tial V0, vary -
ing be tween 0.35 and 9 kV i. e. be tween the char ac ter -
is tic po ten tials at which the first and the sec ond RL are
rep re sent by closed lines. This pa ram e ter of the lens is
de fined as the ra tio of the num ber of trans mit ted pro -
tons in the exit plain of the lens and the ini tial num ber
of  pro tons  in  the  IP  plain. One  should  note that kt de -
creases with the in crease of the po ten tial on elec trodes.  
For  V0  =  0.35  kV  the  value  of  kt  is  0.75  and  for V0 = 
=.9 kV kt it falls to 0.17 i. e. it is 4.5 times lower. Anal y -
sis shows that de pend ency of kt on V0 can be fit ted by
an ex po nen tial func tion kt (V0) = k1 + k2  exp(–V0/kV0 ),
where the val ues of the fit ting pa ram e ters are k1 = 0.18, 
k2 = 0.65, and kV0 = 2 kV.
CONCLUSIONS
We have stud ied the spa tial rain bows pat terns
oc cur ring in the trans mis sion of a par al lel pro ton beam 
of ini tial ki netic en ergy of 10 keV through an elec tro -
static octopole lens. The anal y sis was per formed for
bi as ing po ten tials of V0 = 0.35 kV and 9.0 kV, at which
the for ma tion of the first and the sec ond rain bow line is 
com pleted in both, the en trance and exit plain of the
lens. The first RL rep re sents a cusped square while the
sec ond is a com plex one pos sess ing 12 cusps. The fo -
cused pro tons of the beam are con fined within the first
RL which de ter mines the shape of the beam core. The
sec ond RL de fines the outer shape of the beam, con -
sist ing mostly of defocused pro tons. Since the pro ton
yield abruptly changes across the RL in the exit plain,
we con clude that the rain bow ef fect pos sesses typ i cal
cat a strophic char ac ter is tics and can be de scribed by
the ca tas tro phe the ory.
Ap ply ing the ca tas tro phe the ory for the elec -
trode  bi as ing  po ten tial  of  V0  =   0.35 kV,  pa ram e ters
a (z) and b (z) of the octopole gen er at ing func tion at
dif fer ent dis tances in the drift space, were de ter mined.
These pa ram e ters de fine the op ti cal prop er ties of the
elec tro static octopole, be cause they are re lated to the
path de vi a tions of the third- and fifth-or der in pro ton
trans mis sion through the lens. The de pend ence of the
map ping pa ram e ters, a and b, on the vari able z, can be
ex cel lently fit ted with the ex po nen tial func tions a(z) =
a1 – a2 exp(–z/az) and b(z) = b1 – b2 exp(–z/bz), where
a1 = 0.26 cm–1, a2 = 0.54 cm–1, and az = 29.10 cm, and
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Fig ure 5. De pend en cies of the fit ting pa ram e ters (a)
a, and (b) b, on vari able z
Fig ure 6. De pend ency of the trans mis sion co ef fi cient kt
on po ten tial V0
b1 = 0.09 cm–2, b2 = 0.25 cm–2, and bz = 37.18 cm. 
Anal y sis also showed that the de pend ency of the trans -
mis sion co ef fi cient kt on the po ten tial V0 can be fit ted
by the ex po nen tial func tion kt (V0) = k1 + k2 exp (–V0/
kV0 ), with k1 = 0.18, k2 = 0.65, and kV0  = 2 kV. For V0 =
0.35 kV the value of kt is 0.75 while for V0 = 9 kV kt
falls to 0.17 i. e. 4.5 times less pro tons are trans mit ted
for V0 = 9 kV com pared to V0 = 0.35 kV.
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Igor N. TELE^KI, Sawa M. GRUJOVI] ZDOL[EK, Sr|an M. PETROVI]
PROSTORNE  DUGE  I  KATASTROFE  U  TRANSMISIJI  PROTONA
KROZ  ELEKTROSTATI^KO  OKTOPOLNO  SO^IVO
U ovom radu posmatrana je transmisija po~etnog paralelnog protonskog snopa kineti~ke
energije 10 keV kroz elektrostati~ko oktopolno so~ivo. Povr{inske duge i odgovaraju}e ras-
podele protona ra~unate su koriste}i aproksimativan model potencijala beskona~nog oktopola.
Pozitivni potencijal na elektrodama so~iva bio je postavqen na 0.35 kV i 9 kV. Pokazano je da se
primenom teorije katastrofe mo`e odrediti generisana funkcija koja preslikavawem pozicije
protona sa ulazne ravni na pozicije u transverzalim ravnima van so~iva daje indenti~ne linije
duge u obe ravni sa linijama duge numeri~ki izra~unate u slu~aju kad je potencijal na elektrodama
bio 0.35 kV.
Kqu~ne re~i: oktopol, jonska optika, teorija katastrofe, linija duge, aberacija
